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SOLUTIOrra  OF  DiSCRm,  TW0-PKR3ON  (JAMES 

by 

L.  S.  ShA]:]J.agr,  S.  Karlin  and  H.  F.  Bohnenbluai 


DffRODUCyriOH 


Jfl  thla  papar  9  propoaa^to  invastlgata  tha  atniatura  of  aolutlone  of 
dia*-  ata»  oaro-aw,  tw^parson  gaaas.  For  a  finlta  gama-atatrlx  it  la  wall 
known  t*'%t  a  aolution  (l.a.,  a  pair  of  fraquancy  diatributiona  daaorlblog  tha 
optinal  Bilxad  atratagiaa  of  tha  t%«o  playaro)  always  axlataa^aaaaffl^iaprtkipfeac. 
JU0ttKtBBSS9^  Koraovar,  tha  aat  of  aolutiona  la  known  to  ba  a  aoarvsx 
polyhedron,  aaoh  of  tdioaa  rartioaa  corrasponda  to  a  aubnatrlx  with  ^paaial 

propartlaa  jjjgljlp' 

papei^jg^ipml^^rAmdaDantal  relationship  ba- 


•  In  Part  I  of  tha 

tween  tha  dinanai  ona  of  tha  aeta  of  optlaal  atrataglaa^  and  darota  partloalar 
attention  to  tha  aet  .if  gmaet  whoaa  solutions  are  unique^  PaiT  ll'solssf  tha 
problan  of  constructing  a  game-natrix  with  a  glran  solution.  A  n>ad)ar  of  ax- 
anplaa  and  cacatatrioal  argvanants  ai*e  intamparsad  to  iUuatrata  the  theory, 
and  Part  III  deecribaa  tha  solutions  of  sons  natrioaa  with  opaoial  diagonal 
properties. 


PART  It  9rra:(nvRE  of  somnoiis 


^1.  Introduction  and  definitions. 

Let  I  be  tha  ga-^a  daserlbed  by  the  aatrlx  A  -  ^^h  rows  a^  and 

eolianna  aj(i  *  1,2,. ..,n|  j  •  1,2, ...,n).  Lot  X  be  the  aat  of  all  optiiaal 


*  .‘hxT'baro  in  aquara  braeketa  refer  to  tha  bibliograi^  at  tha  and  of  tha  papar 
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olxed  •tnief^ee  x  -  (x^^)  (x^  >  0,  l*x  -  !«  nln^  xAy  •  ▼)  of  the  lujdxaislng 

player;  T  that  of  the  other  player.  Let  I^(x)  be  the  eet  of  Indioee  1  for 
which  Xj^  >  0,  and  l2(y)  those  for  which  a^^-y  -  ▼;  and  similarly  Jj^(y)*  J2(x)» 
Than  define 

I,  -  z:  I.(x).  J,  -  z:  J  (y) 
xfX  ^  yel 


I2  ■  ^  My)* 


J,  "  TT  JoCx) 

XeX  ^ 


X^  ■  the  set  of  x  with  Ij^(x)  ^  £  ■  1,2; 


Tj  •  the  set  of  y  with  ^y)  c  i  •  1,  2, 

Thus  X^  is  the  enalleet  face  of  the  fundananial  ainplex  of  ;ilxed  strate^'les  con-  • 
talnin£  X,  etc. 

The  purpose  of  Part  I  is  to  proYo  the  relational 

(1)  -  I2,  -  Jp  (Theorem  1) 

(2)  dim  -  din  X  •  dim  -  dim  Y  (Theorem  2) 

* 

for' all  gh.  'Qs  with  finite  sets  of  ;nire  strategies.  We  also  show  that  the  set  of 
ra  X  n  ^ame-na trices  with  unique  solutions  is  datise  and  open  in  (mn)-space 
(Theor«n  3).  Under  (2)  we  nay  suhsisue  the  corollary  that  a  vmlque  solution  must 
be  •'  Bcjuare"  —that  Is,  Involre  tF*  same  niir.iber  of  pure  stra todies  on  each  side. 
This  is  of  esi>eclf.l  interest  sLneo,  by  Theorem.  3#  n'‘^T.e8  '•  in  /general  position” 
have  unique  solutions. 

For  Infinite  natriceo  these  results  are  rot  valid,  even  when  and  are 
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finite.  'lor  does  the  analot^o  of  Th.eox^  1  hold  if  the  natrlx  is  replAO*d  bj 
0  contlnuoua  rinctlon,  even  tho\igh  the  nure  strategies  fom  conpect  sets,  3lmpl« 
CLK-L-Tiples  support!  ther.o  asserts  o.iS  will  be  found  in  §7^  ' 

k 

S  •->  Ret-tuction  to  the  essential  port  of  the  >;ane, 

Lanina  1.  There  exists  x  In  X  such  that  l2^(x)  ■  and  J ^{x)  ■  ^2  C/  ^  »uch  that 
^^iCy)  ■  and  I  (y)  -  ]  . 

•fl)  '(i) 

Proofi  To  each  ^  ^  there  oorreaponds  an  x  with  >  0  and 

'  '  (  0  ' '  .  'f  il  ' ' 

.in  X  ''''  vdth  tj'X  -  V,  The  center  of  gravity  of  these  x  ^  '  and  x  can 

be  taken  to  be  the  x  of  the  l«:t  a. 


jSnma 


:iii2 


Proof:  Choose  x  and  y  as  in  Uie  preceding  lei'raa.  Then  Z  x^(aj^»y)  ■  v  implies 
that  x^  >  0  only  if  a^*y  -  v,  !ierice  -  Ij^(x)  c  l^ij)  •  !-)• 

Let  be  the  ga'w  deduced  fror.  P  by  taking  only  the  indices  of  and  J^. 

Aji^.’  solution  of  f'  Is  a  solution  of  P  }  hence  v(P)  ■v(P  )  and 


(3) 


x(r)  cx(  r  ),  T(r)  c  Y(  P  ) 


I 

Lgn-Tux  ),  ’rit;  P  derived  frori  Pas  above, 


(L) 


dial  X(  P  )  -  dim  X(  P  )  dl.:.  Y(  P  )  -  dim  T(  P  ) 


Proof:  Pick  x  ^  X(  P  )  by  Lscana  1  and  pick  aiiy  x  e  X(  ^ "  ).  Than  there  eocists 
"ui  X  interior  to  the  se/jnert  xx  vhlchi  is  In  I(  ;i 

Ad  siir.ple  coi^equences  of  (3)  and  (4),  we  observe  that 


(5)  T^(P)  -  X^,  T^(  p  ),  /  -  1,.-. 

In  view  of  (/*)  iuid  (5)#  we  need  to  prove  the  assertions  (1)  and  (2)  only  for 
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th»  anallar  gan*  Or,  >4iai,  -s  the  sane  thin^j,  v/e  nay  henceforth  assuno  for  P 

itself  the  propertloB! 


(6) 

for  every  x<^  X, 

aj.x  -  V, 

J  -  1,7 

(7) 

• 

for  every  y  fe  Y, 

aj^'v  -  V, 

i  -  i,r 

Under  th^ese  assunptlons  we  shnll  verify  (In §4)  that  each  player  has  an 
optinal  nixed  strategy  to  vl^|■ch  every  pure  s'  ^tc[y  contrlb’ites  positive  weight 
(Theorera  1).  In  ^3  descrlije  the  geonetrlcal  otivatlon  for  the  algebraic 
argiT'.ent, 

^3«  Oecnetric  Analo;tue. 

The  gane-oatxlx  A  nay  be  plotted  In  n-spaee  as  the  convex  U  of  the  n  ;x)intH 
a.*  U  is  then  Uie  Inage  under  the  linear  trtnsforr.a tion  repreaaitod  by  A,  of  the 
fundameatal  sioplex  of  mixed  strategLes  of  the  x-player. 

Suppose  for  slnpHcity  that  v  •  0,  and  let  ^  be  the  •  positive  i^drant”  in 
n-space.  Then  U  has  no  interior  point  in  ooT’s;on  with  but  t-hese  two  convex 
polyhedra  touch  in  sone  non-«apty  set  T,  the  l-icge  of  Z.  Under  tiie  reduction 
assirjption  (6),  T  will  bo  precisely  the  ori  dn.  The  optl-  ol  rdxeti  strsttegies  for 
the  y^player  will  correspond  to  tiie  liyperplanee  throuf^i  tlie  orifln  whfch  separate 
Q  and  U.*  Reduction  assinption  (7)  neons  tiiat  every  se  virating  plana  actually 
eontains  tiie  entire  set  U. 

The  parameter  a  of  §  has  tiie  effect  of  shrinking  U  about  on  Interior  point 
a.  Lecna  5  states  that  U  may  be  so  shrunk  and  still  radntaln  contact  with 
This  leads  easily  to  Tlieoren  1,  thleh  states  tiiat  the  contact  point  is  the  center 
of  gravity  of  a  set  of  positive  .".asses  [^Xj^  >  oj  at  the  vertices  [^l€  of  U. 


*  The  proof  that  a  gme  has  a  solution  (tiie  ralnlgiax  theoron)  may  be  reduced  to  the 
proof  that  two  convex  sets  with  no  interior  points  in  con'  on  can  always  be  &o  separated 
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-  V 

b4»  Study  of  the  red\iced  j^ame« 

Let  conditions  (6)  and  (7).  Put 


a  •  -  2-  a.  . 

u  1  ' 

then  for  any  y  eT,  a»y  «  T,  Fom  the  new  c®®*  the  rewe 


•  (1  -  a)ej^  *  a  Z  ,  0  <  a  <  I, 


For  any  yeY,  bj^»y  •  ▼  for  each  1,  >ienee  v(  P^)  < 

l4Paa  4»  If  Yj^(  P^)  and  T  have  a  eomaon  point,  then  P^)  ■  t. 

Proof:  Tate  any  y  In  both  Yj^(P^)  and  T,  and  choose  y' t  T(P^)  bf  LeoBia  1. 

I  I  II  .  I 

The  se^rient  yy  inay  be  extended  beyond  y  to  y  ■  (1  ♦  *)y  -fey#  6  >  0. 

Then 

▼(P^)  <lwajb^.y"  -(l^feMr^)-feT 


and  thus  ▼  <  ▼(  P^^)*  Out  In  any  case  5  ▼  I 

Lr«na  5«  There  exists  a  >  0  such  that  r(  P*^)  •  v. 

Proof:  By  coi.'.pactness  tliere  must  exist  a  sequence  |y^*'^^#  y^”^  )» 

tt 

a  —  Of  wtiich  oonvorges  to  some  'lixed  strateQr  y.  Since  the  nxssfeer  of  possible 

(I  • 

sets  Y^(  )  Is  finite,  we  may  l\irther  stipulate  that  they  all  be  the  sane  (closed) 

u  /  \  • 

set  and  Uius  all  contain  y.  But  because  bj^«y^  ^  ^  t,  n,  we  find  that  y 

Is  in  Y.  By  Lenua  4  the  desired  a  therefore  exists. 

Theoran  1.  Ij^  -  |jj^  -  J^j  • 

Pivof:  Choose  a  by  Lensia  5  and  zfeZ(rQ}.  Then  the  mixed  strategy  x',  all 
of  whose  ccnponents 

•  (1  -  a)xj^  ♦  a/m 


are  positive,  satisfies 
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»j*x'  ■  bj»x  >  T,  all  J, 

and  la  therefore  in  X»  ienoe  oontains  every  index  1  in  the  reduced 
^5»  The  fundamontal  theoren.  • 

Thaori  2.  dlxa  -  dim  T  *  din  -  din  X. 

Proofi  We  nay  euppoee  v  •  0  without  InpalrinG  the  final  reeult.  The  conditions 
defining  X  Bay  be  set  forth 

(a)  aj*x  ■  0  for  all 

(b)  l*x  •  1( 

(e)  ^  0  for  all  1. 

(a)  and  (b)  together  define  a  set  C  containing  Xj  (a)  alone  defines  a  larger  set 

.  • 

C  .  C  Is  in  fact  the  null  space  of  A,  and  therefore 

(8)  dim  C  •  m  -  rank  A. 

•  .  . 

Since  the  origin  is  in  C  but  not  C,  oonditlon  (b)  actxuilly  lowers  the  dimension, 

i«e., 

(9)  dim  C  •  din  c'  •  1. 

By  Theorer.i  1  the  ineciualltiea  (c)  hold  strictly  for  some  x  in  X  (and  thus  for  a 
nei'^orhood);  hence 

(10)  dim  X  ■  din  C. 

Finally,  and  enviously, 

(11)  dla  Xj^  -  m  -  1. 

Therefore,  by  (8)  -(11): 

(12)  rank  A  ■  dim  X^^  -  din  X* 

T 

This,  with  the  symetrioal  expression  for  A  ,  suffices  to  prove  the  theoroa. 
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W«  obserre  fbr  future  use  that  in  ganes  whose  Talue  !•  not  sero,  tho 
analog«ie  of  (12)  la 

(l^*)  rank  A  •  din  -  din  X  '»  !• 

kf  in  tliene  aocpresslons,  is  of  oourse  the  essential  part  (in  the  sense  of  ^  2} 
of  ,the  total  gBme><iatrix« 

The  theorsn  may  be  interpreted  also  as  a  relationship  between  the  seros  and 
the  range  of  an  operator  and  its  adjoint.  Let  T  and  T*  denote  the  operator 
CO xnres ponding  to  A  and  its  transpose,  and  let  r|,  r]«  and  R,  R*  denote  the  manlPsld 
of  seros  and  the  range  of  T,  T^  . 

Then  5.t  is  easily  shown  t.'iat 

(13)  din  •  din  X 

diiii  T;  ■  din  T. 

Now  I*  is  isaiorphic  to  ,  the  orthogonal  manifold  to  Rj  thns 

din  p*  •  din  Xj^  -  din  R, 

Rirt.  di  H  -  dim  -  dir,  r,,  hence  Theorea  2  Is  confimed. 

This  point  of  view  will  be  helpHil  In  eoqjlalnlng  the  method  of  Part  II, 

^6,  Unique  solutions. 

Let  U  be  the  set  of  m  x  n  gane^aatrleos  which  have  unique  solutions  (a  and 
n  nre  fixed  throu'giiout  the  lilscucsi on).  Fonn  lly  AtU  if  and  only  If 

(lA)  diic  X(A)  -  dLn  Y(A)  -  0. 

We  shall  prove 

Theorep  3.  U  is  open  and  everywhere  dense  in  (nn)-opace. 
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Proof  that  U  ii  oprii 

If  5  •  ^  matrix  or  a  raotor,  daftna 


-  max 


liimifl  6«  Tj  Z,  and  T  ar«  oontlnuoua  funotlons  of  A  in  th«  following  Bonsa: 
01  van  A  and  any  6  >  0,  thara  exists  t  snoh  that  Ib  -  Al  <  ^  Implies 


(•) 

▼<B)  - 

(b) 

trlnlmimi 

X  fc  X(a) 

xel(Q) 

(o) 

alnlirun 

7‘  !(*) 

t'<=  if(n) 

▼<A)|  <  S  . 


< 


S  . 


s . 


Proof  I  Any  L  <  i  Is  suits,  le  for  (a).  For  (b)  aiid  (o),  take  anv  saquenca 

and  ohoosa  for  aach  ^  Bome  f  Z(B^).  By  ccmpactnass,  avary  aftar 

1  u  I 

sane  x  will  ba  xlthln  £  of  scna  accunulatlon  j^>olnt  of  ( xr  U  But  slnoa 


^  all  J,.., 

J 

ovary  ac  'jnulation  point  is  in  X(a)*  An  argisnoni  by  contradiction  row  shows  that 
the  dr-lr*d  £  >  0  exists. 

Wa  now  prove  that  U  is  open.  Lot  be  tfw  essential  part  of  Ai 

Al  -  ^  •  ^2>  J  ^  *^1  " 

f  I 

Taka  A  U.  If  |  B  *•  A  le  ar.all,  P  has  a  solution  x  ^  y  near  the  unique  solution 
X,  y  of  A,  by  Leema  6,  (Two-elded  unlquenase  hwre  makee  an  essential  appearanoa 
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in  Uie  proof.  Thus  t^c  set  of  r^.ines  with,  uni  ne  strritej^r  for  the 

.  I 

first  playor  is  Mot  o'>en.)  T'.e  jorpontmtr  posltiTP  In  x  '»1LI  l^e  positive  in  x  , 
l.ence 

I 

^Ibo  Ay  will  be  near  By  ,  bonce 

1(^0^  I  t-). 

It  follo^su  that  and  correspond  and  that 

(15)  X^(A)  -  Xj^(B). 

Now  for  anj.’  natHjc  C^, 

1'  rank  C  >  ra/ik  C  ; 

,  “  o' 

% 

wv  t.borofore  write 

(lo)  rank  3^  >  nj^k  Aj^. 

Asoixje  v(a)  /  Of  then  hy  (1.  ,  L.  )  of  Part  I, 

(!'’)  riL-  Xt(a)  -  dl-  X(a)  -  rank  A^^  -  1, 

(iL’i  Xj^(B)  -  din  XfP)  >  nnk  -  1. 

.up.tiona  (15)»  (16’,  (1'')  -Ivp  us 

d!-  X(:3)  V  dl-i  x(a). 

After  s.vie  ar;atncnt  on  Y,  xn  conclude  Be  U,  jii'ce  tl»e  restriction  v  ^  0 
oanriot  be  relevant  In  tb.is  ro:  ;.oxt,  every  A  eU  has  a  nel{;;5iboriiOod  In  U, 

(a  parallel  proof  c.’old  ,e  vei'  In  operator  terdnolo  y.  Thus,  the 
cor.p-.’uon  to  (In)  In  the  fact,  ♦l^it  tJir  <,ii' ensi oi.  of  t've  zeros  of  an  operator  can 
only  (iec"P'aae  for  n  all  ,)e:’tni'\:  >115. } 
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Proof  that  U  is  dense > 

T 

Wo  shoU  oall  a  raatrlx  A  " /^oral"  if  no  r  x  r  ♦  1  subnatrix  of  A  or  A  « 
with  a  row  of  l*s  subjoined,  has  a  ▼anishing  doterolnant.  The  set  G  of  ponerol 
m  X  n  matrices  Is  erldently  not  empty  for  nn  >  1, 

L»-wia  7-  Q  la  eTBiTWhere  derse. 

Proof!  Take  any  Aj  and  ■  A  ♦ /"  D,  B  *  G,  It  sufficos  to  find  6  such  that 
e  0  for  ell  positive  6  <  Every  determinant  obtained  froi.i  as  In  the  pr^ 
eedinf  paro^Traph  Is  a  polynomial  of  r^  de^yee  in  £  .  Take  >  0  smaller  than 
any  positive  root  of  t>«8e  polynomials. 

Lanna  S«  0  c  U. 

Proof!  Taka  any  A^U  with  y,  y'tT,  y  /  y' ;  and  let  B  be  the  submatrlx 
wltii  a  row  of  I's  subjoined.  Then  for  any  Z, 

(IH)  (x,-v)^B  -  0^. 

Also 

(19)  B(y-y')-0. 

Every  eubnatrtx  of  R  having  as  many  rows  as  B  (by(lt^)),  or  as  many  eolisnns 
(by(19)),  mist  be  slrs'nilar.  Therofore  at  least  one  of  Uie  determinants  obtained 
fron  A  as  above  vanishes,  and  A  Is  not  general. 

The  proof  of  Theory  3  !■  completed  by  direct  application  of  Lamr  7  and  8. 
^  7»  Some  ganes  w*  infinite  sets  of  strategies. 

The  manner  in  whicli  infinite  g.Lne-natrlces  deviate  fror.i  the  theory  so  far 
developed  will  be  lUustrEted  here  by  a  number  of  ecounples.  It  is  t?  e  l&ck  of 
compactness,  raUier  than  the  Infi  ilte  -  unber  of  strategies,  that  appears  to  be 
chiefly  responsible  for  these  deviations.  However,  we  must  observe  that  the 
non-discrete  game  with  the  jay-off  function  f(x,y)  «  y**-  3^  defined  on  the  unit 
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30LUTia;S  OF  DISGRCTE,  WO-PER.SON  GAMES 

by 

L.  3.  Shapley,  3.  Karlin  and  H.  F.  Bohnenbluat 


Rcvlalon  of  pg/^es  10-13 

Some  >;ame8  with  Infinite  seta  of  gtrategies , 

Virtually  none  oi'  the  fore^oln^  theory  applies  vrlthout  draatlc  modi  llcatlon 

i 

to  games  ultli  infinite  payoff  matrlcoa,  V/e  auhnvit  here  acne  examplea  to  Juatlfy 
this  assertion.  V/e  shall  not,  liowever,  enter  into  a  ayatanatlc  atudy  at  thla 
time  either  o  Infinite  gane-<nD trices  or  of  games  with  continua  of  strategies. 
First  we  rmist  obaorve  that  many  Infinite  matrices  do  not  poaseaa  values  or 
oi:)ti  nal  strategies,  even  approximately,  and  hence  should  perhaps  iiot  be  called 
games  at  all.  As  a  case  in  point,  consider  the  unbounded  matrix 

A:  a^^j  "  1  -  J  (i  "  1»  •••»  J  •  »  •••)• 

This  gajne  has  no  value  and  hence  no  solution.  For  consider  the  mixed  strategy  x 
in  wt.ic!i  is  l/i  if  1  ■  .  ,  /♦,  8,  •••,  and  »ero  otherwise,  T>ien  ■  o<5  .  Dy 

symmetry  we  a’  e  led  to  the  curious  result: 

inf  sup  a.  -y  -  sup  inf  a  .x  ■  -  jo  • 

y  i  X  j 

(For  l)ounde<i  matrices  the  correspond! r.g  expresslm.  is  always  non-negative,  But 


^  For  helpful  coinr.ent  and  suggestions  concerning  ty)eBe  examples  the  authors  are 
indebted  to  H.  K\ihn  of  Princeton  University, 
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T  T 

with  j  A  I  •  oo  ,  multiplication  of  rautricea  is  no  j.onper  afltociatire:  x  (Ay)  /  (x*A)y.) 


The  mat*  .x 


B:  blj  -  /  A  1  . 


(a^j  as  above), 


is  bounded,  but  likewise  has  no  value.  For,  given  any  y  and  t  >  0,  we  may  choose 
n  so  that  7^  ♦  *  *  *  ♦  >  1  -  i  •  Then  for  any  i  >  n/c  ,  we  have  1  >  b^»y  >  1  -  . 

By  symnetryi 


inf  sup  b  •y 

y  1 


-  sup  inf  b  .X 

X  J 


Confining  ourselves  nov,’  to  infir. ite  gano-raatrices  v»hich  do  have  solutions,  we 
still  find  violations  of  all  of  our  chief  theorons.  The  following  two  games  eacti 
have  unique  solutions. 


C: 


0  c^-1  c_. 


c  c, 

d  4 


0  c^  c^-1  c^  c,^ 


0  C_,-l  0^ 


°  'i  '3 


-  1. 

k 


I' 

vie)  -0;  X(C)  -  ((c^,  c  ,  ...)}  ;  Y(C)  -  {(1,  2,  0,  ...))  . 


(To  prove  the  last,  we  observe  that  any  optimal  y  rust  play  all  straterles  after 


the  first  with  equal  froepjency — hence  with  zero  frequenej' , ) 
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Di  d  2d  1/2  2i  1/4  ...  d  /  0. 

d  1  2d  1/3  -  c. _  .  .  .  ^ 

v(D)  -  d;  X(D)  -  {{!/.,  lA\-  I  Y(D}  -  ((1,  0,  0,  •••)]  . 

Theoren  1  falls  in  the  former  ^'’ane,  since  J^i^)  1®  infinite,  J^(C)  finite. 

The  dimensionality  relation  of  Thoorwa  2  leads  to  ■  0  and  1  -  0  in  the  two  eases. 

Thun  it  breaks  down  even  when  thr  essential  part  of  the  game  la  a  finite  submatrlx. 

The  continuity  of  solutioris,  as  set  forth  in  Lenaa  6,  is  violated  in  the 
nel  :hnorhooda  of  both  games,  i’cr  eocanple,  given  any  t  >  0  we  can  move  Y(D)  a 
(-11  stance  of  1  by  subtracting  t  frcm  coluians  .  and  n  1  of  D,  where  n  >  l/«-  ,  n  ^  1. 

The  failure  of  Theoran  3  is  illustrated  again  by  both  games.  It  is  easy  to 
verify  that  all  x  within  of  X(C)  or  within  t /2d  of  X(D)  bec(xie  optimal  if  any 
-  >  0  is  subtracted  from  the  first  column  of  C  or  D.  Thus  U  Is  not  open  for  in¬ 
finite  matrices.  U  continues  to  be  everywhere  dense  in  the  subset  of  matrices 
wtilch  h.avo  solutl 


I 
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•qu&rs  0  <  x,j  <  1  has  tha  taddls  point  at  x  ■  y  ■  0  for  Its  uni  qua  solution) 
hanea  tha  analoj^aa  of  and  ara  single  points.  Yat'tha  countarpart  of  is 
olaarly  tha  antira  unit  intarral,  contrary  to  what  Theom  1  would  saan  to  imply. 
Consldar  tha  infinite  natrixi 


and  tha  two  2  x  •a  oatrlcas  i 


AlT  three  gaciee  hart  unique  solutions,  to  witt 


▼(A)  -  0,  t(B)  -  b^),  t(C)  -  ♦  c,,); 

X(A)  -  (a^^.a^,...),  X(n)  -  X(C)  - 
r(A)  -  Y(B)  -  T(C)  -  (1,0,0,...). 

Only  t!ia  uniqueness  of  Y(a)  need  be  Justified  hare.  Suppose  X(a)  to  be 

a 

y  •  (Jq*  7i$  7  >$•••)  fc  Y(a). 


already  known  and  take 
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It*  lnn«r  product  with  the  l^  row,  I 


nu*t  be  w^A} 


Oi 


r 

j-i 


Vj  -  ^  ° 


Thu*  "  ^2  "  ^3  "  ***• 

and  y  •  (1,0,0,,.,). 

Tiieoirm  1  1*  violated  in  A,  einoe  ^2^^^  Infinite,  Jj^(A)  finite. 

However  idien  both  aets  are  finite  the  theoren  apparently  retain*  it*  fore*. 

The  di;.ieTi9lor.ality  relation  of  Theoraei  2  leads  reapectlvely  to  «o  •  0,  1  •  0, 
and  1  •  0  in  the  three  oases.  Thus  we  see  it  break*  down  even  4i*n  the  essential 
part  of  the  r-OT*  1*  &  finite  natrlx. 

In  game  B  w*  obsexnre  that  the  set  of  essential  oolurms  1*  not  invariant 
under  certain  infinitceinal  perturt}ation8|  mixed  strategle*  can  be  found  outside 
of  J.,(B)  vfht^ch  come  ar'-ltrnrl  ly  close  to  being  optinal.  Thl*  is  obviously  impossible 
ij.  a  f'jilte  gam*.  To  put  it  another  way,  this  means  that  the  first  column  may  be 
excluded  fror  B  without  decreasing  f'le  value  of  the  gan*  (defined  now  using  "  inf"  , 
not  '*  nin"  ).  Qsms  C  is  included  to  show  that  this  affect  may  b*  avoidsd  (th* 

Tiiluo  of  C  without  the  first  eolxain  is  sero),  though  only  st  th*  pries  of  sn  un- 
boujided  ratrixi  (C|  •  =>0  , 

T)!*  failure  of  Theoim-.  3  i*  Illustrated  by  gam*  A,  and  by  gene  B  if  b^  ■  b^* 

In  each  case  a  level  decrease  in  Uie  first  colimn  by  any  amount  £  >  0  dsstroys 
\ini(iueness.  It  is  easy  to  verily  that  oil  mixed  strategies  within  £  of  Z(a)  or 
within  £  /(bj^  ♦  b^)  of  X(B)  beoone  optimal.  Thus  0  is  not  open  fbr  infinite 
uatrloee.  U  is  indeed  everywhere  dense  in  th*  set  of  matrices  whleh  hsvu  sulutions, 
but  not  every  infinite  matrijc  (.as  a  solution,  or  even  a  value,  for  soES&ple,  take 
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tb«  Mtilx 

D  -  -  1-J,  1  -  1,2....,  J  -  1,2,...; 

or  tho  boundod  aatiljc 

*  "  ‘ij  •  ^  •  1^1  " 

Tho  conAnulty  of  oolutloiis,  as  set  forth  in  Lnao  6,  apparently  holds  for 
infinite  natrioes  whenever  their  solutions  exist. 

PART  II !  COrrSTRUCnON  OF  aAHS3  '.aTtf  ">I'/£N  XLLTIO’tS 
^8.  The  problept  Canonical  forcts. 

We  suppose  that  we  have  been  niven  a  piiir  of  (convex)  pol^+iedra  X  and  T, 
each  situated  in  a  simplex,  and  that  we  \4Dh  to  find  a  f^a^ae  whose  sets  of 
optir.al  Btrate^ies  correspond  exactly  to  X  aj'.d  Y. 

The  problen  is  made  no  nore  difficult  by  prescribing  t.  •  value  the  jajne  is 
to  have. 

Let  and  be  the  ai.allest  faces  of  the  sinplices  containing  X  and  Y. 

Prcr,  Theor«B  2  we  know  t!iat  our  problem  has  no  answer  unless 

(20)  dijn  X^  -  din  X  -  dlra  Y^  -  din  T. 

Our  subsecjuont  work  will  show  that  condition  (.’O)  is  sufficient  as  well 
(Theoreci  4,  §  13). 

Tho  construction  we  describe  in  10  -  12  produces  a  specific  (except  for 
a  certain  frecdor.  in  ordering  the  rows  and  oolu-JV*)  standardised  natrlx  for  each 
X,  T  satisfyinj'  (20),  Tl'.la  gives  us  in  effect  a  set  of  canonical  foms.  However, 
there  is  no  aj'paront  way  of  relating  an  arbitrary  matrix  to  its  canonical  counterpart 
short  of  finding  all  its  solutions  and  constructing  the  standard  natrlx  to  order 
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(a  thou^  tsdlouB  prooaes  fbr  flndinf  all  solutions  is  dssorlbsd  in 

[3]  ^6.)  Thsss  eanoniesl  forms,  tharsfors,  ars  no^  promising  as  a  eotputational 

aid.  In  answarlng  thsorvUoal  quastions,  hoMaTsr,  it  nay  sonstiraas  bs  halplUl 

to  bars  to  oonsidar  only  a  snail  subaat  of  all  possibla  matrioas. 

A  mora  ganaral  elassificati  op  ml^t  Imp  togathar  ganas  whoaa  sats  Z,  T  ara 

isonorptiie  undar  a  projactiva  transfoznation.  Thara  would  than  be  only  a  finita 

timbar  of  typas  for  matricas  of  aaeh  partJeular  sisa.  Tha  canonical  gaaas  could 

hava  thair  solutions  oriented  in  soma  natural,  simpla  fashion;  fbr  axampla,  tha 

% 

canonical  unique  solutions  could  always  be  of  the  formt 

X  •  X*  •  •••$  0,  •••,  0), 

T  -  7*  •  (p  •»  0,  ...,  0). 

The  solutiorkS  of  any  gane  would  be  idsntloal  to  the  solntions  of  a  gans  BAC 
where  A  Is  one  of  a  finite  sat  of  oanonleal  games  and  B  and  C  are  nonsingular 
matrices  representing  ths  appropriate  projactlva  transfonaations  on  tha  two 
simplices  of  riixad  stmtagias. 

^9.  geor::etrioal  description  of  the  construction. 

We  return  to  the  operator  point  of  riaw  introduoad  at  the  and  of  ^  5* 

Suppose  first  that  the  polyhadra  giwan,  X  and  T,  are  in  fact  tha  intarpaotiona  of 
tha  linear  spkaces  f  and  T  with  tie  fundaeantal  8ir\pllees  ((m  -  !)•  and  (n  •  1^ 
dimensional,  respeeti vely)  lying  in  and  n^imeislonal  EuoUdaan  space.  Suppoaa 
further  that  X  aixi  T  oontain  points  interior  to  thair  raepactlve  almplicaa.  The. 
essential  part  of  any  gane  (see  ^  2)  will  hare  such  solutions. 

In  view  of  (20),  the  orthogonal  manifolds  and  T'''  have  tha  ama  dlMnslaiu 
Take  any  (non-eingular)  linear  tranafbmatlon  3  mapping  X"*"  on  ,  and  anj  pr»- 
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jMtion  P  of  oh^pact  on  X'*'  whieh  uaps  Z  into  the  ori/^n.  Then  the  game- 
matilz  eorrespondlng  to  the  tranelbmetion  T  •  SP  has  Talue  sero^  and  sets  of 
optinol  etrateglos  Z  and  T«  (See  §  5#  Mp.  equations  (13).) 

In  generalf  the  pol^'hedra  Z  and  T  may  havo  both  **  natural  "  feoes, 

oaueed  by  the  boundaiy  inequalltlea  >  0,  Pj  >  0  of  t)ieir  BimpUces,  and 
"unnatural*  faces  defined  by  arbitrary  inequalities.  Each  unnatural  face  of 
Z  [t]  eorreeponds  to  a  colxinn  (^rowj  outside  of  the  esswticl  part  of  tJie 
game  matrix.  (See  ^12  below.) 

Thus  -ur  ability  to  oonstruot  a  ga^e  with  .^ren  solutions  Is  conditioned  not 
only  by  the  dimensional  restriction  (20)  but  also  by  whether  wo  are  provided  with 
enough  *  dmny"  strategies,  not  Involeed  In  any  optimal  atrats/y,  to  taks  care 
of  the  unnatural  faces.  It  is  always  posslbla,  of  oourse,  to  handle  a  surplus  of 
domoy  strategies,  without  disturbing  the  teat  of  the  construction. 


We  proceed  now  to  the  algebraic  details  of  ths  oonstruot! oii.  In  this  section 
we  suppose  that  the  given  Z  and  T  are  points.  T!ie  general  treatmoit  of  §  11  in- 
eludes  this  easei  ws  consider  it  separately  only  to  illustrate  the  general  attack 
and  because  of  the  particular  interest  of  games  with  unique  solutions. 

Disregaz*d  any  dumy  strategies,  and  denote  positive  oonponente  of  the 
unique  optir'al  strategies  by 


The  order  may  be  taken  arbltnirily  (see  Itenark  3  below) 
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Let  represent  the  t  x  t  ider.U.ty  r^trlx  (1  on  Lhe  main  diagonal,  lero 
fllsewtiere),  a-nn  let  A(c;  be  the  t  ♦  1  x  t  -►  1  r^trlx  as  followBt 


I  A 

J 


Tlic”'.  v(A(c))  •  c  a:\d,  provider^  c  /  l/t,  x,:.  le  the  u;»l  ;ue  solution  of  A(c). 

fix)of:  imo  r,ay  voi'if}'  (!irectly  U»..t  x,y  lo  a  aolutlon  and  that  c  Id  the 
vlio.  To  «atr..  I'sy,  m;  ,l  mmiess,  we  observe  th?  t 

t  ♦  1,  c  /  0,  l/ti 

ru:.k  a(c)  “ 

t,  c  -  0. 


1  ,  1  ' ;  or 


i-  -  .11  ''(,\(c)) 


o. 


<r  :'K 


t'  '•  OVcM*  C 


•  '.x'vl  stritoglrf:  x'  ■  y' 


( 0 ,  1/ 1 ,  •  •  • ,  It) 


arc  optimal  as  vroll  as  x  and  y.  X(A(£))  and  Y(a(^))  ar*  the  3 events  x  x  and  , 

I 

y  y  eoct«n("ed  to  the  ed^es  of  the  slnpllcos  and  Y^.  For  a  gaae  with  ualqxw 

1  2 

solution  x,y  ami  value  l/t  we  nl,iit  use  (for  cxanple)  t'le  !.iatrlx  B  -  *t(a(^)), 
.'{qciark  2:  A  construction  usln^  any  non-sin, niHar  t  x  t  matrix  in  place  of 
Is  equally  poo:<ible.  Toe  peneraliaation  of  tJ  e  critical  value  l/t  is 
1/  ^  ^  Inverse  of  the  ati-tx  used. 

Rggark  j:  31noo  the  number' rv:  of  UiC  rows  a.*xi  colu:  ns  ia  purely  a  -^^tter 
of  nomenclature,  the  matrix  A(c)  is  not  wi  oily  specific.  We  may  r«nedy  this  defect 
by  iK)0itl:ig 


X  > 


>  X^  >  .  .  .  >  X^,  Yq  >  Yy  >  •  •  •  > 


^11,  Pol:.i)e-:ra  of  /:tneml  dimonsion 

W«  shall  require  ix*  t-his  section  only  Unit  X  [and  Y  be  completely 
ilsscrll  oci  in  sore  (r-l)-dlmennio  al  (8-l)-<ii  .onsional  ^  plane  by  tlie  character¬ 
istic  ino  ^\ixtiitl  o;i  of  tho  s',  plexi 

*1>0.  'yj>0j  .  . 


Wlien  a  ■■ame  A  hat  sucli  nets  of  solutior’s,  '  ts  osnrntial  part  A,  vrlU  have 

♦ 

precisely  t.h#^  nar.e  sots,  i.e: 

X(A)  -  X(a^),  Y(A)  -  Y(A^) 

(conipart;  (3)  of  ‘c,2)»  1^  will  bo  moot  econo  leal,  t.'.cn,  to  construct  a 

whlcii  ’s  its  own  essential  part.  anu  Y^  will  co rise  the  full  sL.pIloes 


of  .  JLxod  strate,  loi3. 
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Define 

r  ■  1  ♦  di;  X,  “  1  dir  X^, 

8  -  1  ♦  din  Y,  n  -  1  di 

t"n-r“n-8. 

ft 

C'loose  r  :jk!  3  linearly  •' ndeLendent  points  in  X  ard  Y  respec  ively 

■  Wj.'  •••'  ‘iclD  ••••  '■» 

-  (y^.  y^)  ^  ■  i.  •••,  =) 


ard  U3€  tie.  an  ir-.  iorrairi;:  the  riatrices 


)  a'-ri  Y® 

•  a 


sn 


* 


T'.c  :iup<'*mcrl  ptn  .low  raal;  tiv  double  subscripts  show  size.  Our  pressnt  prob] 
’■.ay  oi.-  I  0  atrtr  i  .1  rl  rilcali/i  to  find  A^_  satisfying 


■It' 


C’  ) 


Y  -  0, 


# 


T' e  con-iition  or.  ,  prr^cnts  X(.\}, 
iven  X,  Y  (see  (14,  12'}  in  ^5). 
.'r’ntGTi  (21;  comprises  rn  ♦  ’f 


Y(A)  fror  btiln^  of  .ii’i.or  al  onslon  than  che 


eiuattons  Iri  I'*  nr.  unknowno  a 


IJ* 


HoweY»r, 
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as  the  foUovfitv'  conntructlan  reveiis,  thoro  is  Just  InterdQjjenrio.ice 

to  pemit  t*^  of  the  '.uiknownG  to  be  choeer-!  arl)itraHly, 

Before  proceed’'. •  with  t-he  conctnicti .n'.,  it  will  bo  co’iveirlont  to  x*®— 

I*  I  ^  '' 

■iriM:  ~e  tiic  colvcons  of  X  and  i  so  Uiat  U;e  first  r  a  colunns  are 

m  I  sn  ^  I  ^ 

linearly'  iiidependent .  f)«or»etricaIly,  tbd  u  a’:;  nly  leans  j)  ck^n-  t.he  order  of 


coordi  riateo  so  th  ,t  t^ie  projection  of  X  oo  t'-'e  slr.pLiclal  face  tiel'ined  by  the 
first  r  cooru! tea  (  i  «  1,  r)  will  be  o;ie-o:.e. 

Mow  we  plc';ce  In  the  lower  rl  rht  comer  of  A  (see  tb.e  f*  Mvr),  The 


reruiinlnf  elerne  .ta  are  ti\e:.  detoi'.L’ied  uniquely  ly  (  Jl).  .)j>eciflc.- lly. 


for  t  •e  u  '-'-r  r'.  •'  t  comer  (i 


<  •  f 


r  1 


f  •  •  • » 


ii)  use  t.be  aystflins 
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(23) 


(  *11»U  "  —  * 

Sl^LJ  ♦  **•  "  Wrj  -  ^  -  *rj- 


Th«  lower  left  comer  is  anslsgous.  The  upper  left  may  be  filled  in  froi  either 
direction:  the  result  imist  be  tlie  sane.  The  finished  matilx  A  is  happily  inde¬ 
pendent  of  our  choice  of  pnints  and  y^« 

A  eliiple  check  reTsals  that  condition  (22)  on  the  rank  of  A  is  Iblfilled 
except  when  ▼  •  1/^*  In  that  instance  we  find  the  extrenecets  optlsud.  strategy 
x*  *  (0,  Of  l/t,  ,,f  l/t).  The  restriction  we  put  on  the  first  r  oolunns 
of  tells  us  that  x*  is  not  in  Z*  TherelbrSf  if  a  value  of  l/l  i*  desired, 
we  must  xwe  sons  such  derloe  as  proposed  in  Reaazdc  1,  ^10. 

Reraaz4c  2  of  ^  10  applies  vdth  equal  force  to  the  present  ease*  As  to  the 
point  raised  in  Rer.ark  3$  it  is  not  clear  that  any  gmeralieation  of  the  orde^ 

ini'-  proposed  there  would  neoessr.rily  make  the  first  r  oolunns  of  |s  eo3 issue  of 

indeper Jei.t,  as  required.  * 

^12«  The  moet  ftmeral  case. 

We  mist  now  emsider  jirsn  polyhedra  whose  boundaries  are  not  entirely 

deseri  ed  by  the  natural  li!^dts  Xj^  >  0,'  y^  ^  0.  Each  unnatural  (r  -  2)-faee  of 

Z  [^(b  -  2)-face  of  t]  corresponds  to  a  new  eolunn  [roi0  a^j  outside  of  the 
essential  subnatrix  A^.  There  is  no  restriction  on  tlie  niiii>sr  or  arrangmisrft  of 
t!iese  unnatural  faceo,  provided  of  course  that  Z  aixl  T  reeialn  convex,  ^irthermore, 
tiiere  is  no  interaction  bet%r<een  the  new  oolusna  and  the  new  rows  i^Ij^l 

elemints  a^j  cannon  to  both  oay  be  assigned  aitiltrary  values. 

It  suffices  to  describe  the  calculation  of  a«  for  a  particular  (r  -  2)-faoe 

'  j 

F  of  Z.  Choose  a  set  of  r  -  1  irtdependsnt  points  x^,  •••«  x^  on  F  and  anothor 
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point  in  tho  intorlor  of  X.  Lot  tho  diotmoo  of  tho  lattor  to  tho  piano  of  F  bo 
\  >  0*  fbm  tho  oatidjc  oondition  that  a^  must  oatisiy  it 

fJ^Oj  -  (t  ♦  p,  ▼,  ....  t),  p  >  0. 

To  get  a  definite  result  wo  take  a^^  ■  0  f9r  i  >  r,  end  p  -  X.  Tho  lattor  aakos 

tho  roOTilt  indopendsit  of  tho  points  chosen.  Tho  fomer  is  Justified  because, 

after  our  manipulation  in  ^  11,  the  first  r  eoluans  of  constitute  a  non- 

singular  natrix  Thus  we  haes 

rr 

(24)  ^  •j  "  ^ 

which  detemines  a^  exactly.  The  slollar  sicpression  for  the  jr^pldjer  1  tivolves 
▼  -  \  in  place  of  v  ♦  X,  It  is  only  at  this  point  that  the  anti-sjmrietry  in  the 
roles  of  the  two  players  shows  up  in  the  construction. 

^13.  Smeary. 

Sections  ^§11,  12,  taken  with  Theoron  2,  ^  5»  cor  .prise  a  constructive 
proof  of  the  folljwin/3t 

Thoorssi  4.  Let  X  be  a  convex  polyhedron  of  di-wnslon  r  -  1  oontained  in  an  (n  -  l)- 
dioensional  face  X^,  but  in  no  siaaller  face,  of  an  (n*  -  l)^iiaonsl  onal  sinplax. 

Lot  there  be  Just  p  (r  -  2)'^iinien8ional  faces  of  X  not  oontained  in  tho  boundary 
Of  X^«  Similarly  for  T,  s,  n,  n*,  onA  V.  Then  an  m*  x  n'  gonsHaatrix  A 
exists  having  sets  of  optical  strategies  corresponding  exactly  to  X  and  T  If  and 
only  if 

13  -  r  -  n  -  s 

and 


n'  >  n  ♦  V, 


n'v  >  n  ♦  p 
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Th«  oanpl«t«  oonstraotian  cuiy  b«  fUHMd  vp  (•••  flgur«)t 


r 

01 

B* 

•  n  n' 

(1)  Conatnic\  Uw  M*«ntial  oiteatrix  anrund  tha  idantltj  matrix 
t«m-r"n-a,  using  Bcpiationi  (20)  of  ^  11* 

(11)  CcEipute  oaoti  additional  row  or  eolmn  roqolrad  as  outllnsd  In  ^12* 

(111)  Square  off  tlw  matrix  by  putting  a^j  ■  Of'l^Z^f  J 

Find  a  givuo  haring  raluo  2  and  optimal  strats^os  as  indloatodi 


A  -  (.y)l 


(1) 

(11) 

: 

0 

no  ■  0 

(Ul)o 

SKtrsns  points  (1/2,  1/2,  0  ) 

(1/4/  1/4,  1/2) 

In  attcnpling  to  Ibnn  wo  find 
ws  must  reonlsr  the  ooordin&issi 
1'-  2,  2'-  3,  3'-  1.  Thw 


1/2  0  1/2 

1/^  1/3  1/3 


4 


2 


ftctrscio  points  (1/3,  0  ,  0  ,  2/j) 

(0,1/2,  0  ,  1/2) 

(  0  ,  0  ,  1/3,  2/3) 


1/3 

0 

0 

0 

1/2 

0 

1/2 

0 

0 

1/3 

2/3 
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Putting  1^  in  th«  loMvr  right  oomcr  naans  setting  Colunn  4  is  found 

by  using  (as  in  (23)»  §  ll)f  and  the  first  three  eolunns  nejr  be  eonputed 
eindlnrly  using  (T®  )^.  By  taking  points  with  aero  oor.ponants  in  oonpoeing  the 
matrices  and  we  were  able  to  make  the  equations  extrwnely  sii^ple. 

X  has  an  unnatural  face  P;  we  must  therefore  include  a  dunmy  strategy,  J  *  5* 
for  the  y-player.  To  find  eoltaan  5  we  select  the  |»lnt8  (1/3,  1/3,  1/3)  interior 
to  X  and  (l/4»  l/2|  1/^)  in  F.  The  distance  between  than  is  X  ■  '\|6/12«  Sub¬ 
stituting  the  matrix 


V3 

i/u 

1/2 

Into  (24)  glTss  us  aj,^  and  ^2*^*  Finally,  we  set  0^,^  •  0, 
The  eospleted  gaae-ciatrlxt 

j> 

ii  1>  •  2 

2*  -  3 
3*  -  1 


1  2  3  4  5 
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PART  III:  SCLUTI0r?3  OF  SOKE  SPECIAL  CtAMES 

^15»  Coppletely  -.jjwd  t:ar.«si  baalc  solutlone. 

Part  III  vdll  describe  the  solutions  of  tliree  easily  recognisable  types  of 
square  matrices  with  special  diagonal  properties.  The  first  two  (^^16,  17) 
generalise  the  '•  separation  oT  diagonals”  criterion  used  in  fsj  (Chapter  IV, 
section  lb)  for  solving  x  2  matrices,  vdiile  the  third  (  §  lb)  is  a  special  case 
of  the  second, 

ivi  shall  fl:»d  it  convenient  to  introduce  the  notluns  of  basic  solution  and 
conpletely  ilxed  gare,  A  solution  x,  y  of  A  is  basic  if  x  is  a  vertex  of  X(A)  and 
y  a  vortex  of  Y(a),  If  v(a)  is  not  sero,  a  solution  x,  y  is  basic  if  and  only  if 
there  exists  a  non-sin^Tular  suteiatrlx  of  A  whose  inverse  D  •  (bj^)  satisfies 


(2r) 


^  ^  j^i/  ^i,j^ji»  ^  i^ji^ 


The  Value  turns  out  to  be 


V  •  1/  ^ 

(See  rsference  [[3]  «  of  which  this  is  the  main  theorm).  The  submatrlx  in  question 
will  contain  the  one  defined  by  I^(x)  and  Jj^(y)t  and  be  contained  in  the  one  defined 
by  Io(y)  and  (see  the  definition  of^l), 

A  gans  is  said  to  bo  sociplstely  niyd  if  all  of  its  solutions  involve  every 
strHte(7  of  both  players  (reference  [l]  )•  It  follows  that  a  conpletely  mixed 
game  must  have  a  unique  solution  and  a  square  ntatrix,  which  is  non-eingular  unices 
the  valus  is  sero.  The  solution  may  be  obtained  by  Inverting  the  matrix  and  using 
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T 

Lwm  9«  All  four  of  th«  gaBo-oatrlees  ^  A,  ♦  A  ,  or  non*  of  thm,  are  eonpletely 
mixed. 


The  proof  la  routine. 

^16.  Main  diagonal  separated  and  datdnant. 

Consider  an  n  x  n  matrix  A  •  ^ioh  aatlsfiae,  for  sane  fixed  q. 


(26) 


aij  >  q  If  1  -  J, 

<  q  If  1  J) 


and  either  (a)t 


or  (b)i 


r  i»ij  ^ 


Z  >  nq  for  all  1. 


Then  e(A)  ^  q  and  A  la  onapletely  mixed.  (See  Pig.  1  In  which  q  is  taken  to  be 
Mro.) 

Proof!  (a)i  Putting  3^  *  ***  *  ^  ^  reveals  that  t  ^  q.  Should  aagr  y  In  T 

have  jj  •  0,  then  the  Inequality  H  <  q  <  ▼  tells  us  that  x^  ■  0  for  every 

X  In  Z.  But  whenever  x^  ■  0  the  inequality  Z  ▼  prevents  x  froa  being  • 

optimal.  Thus  A  Is  eanp>letel>'  dxed. 

Proof!  (b)!  Taks  any  y  Irt  T  and  i  such  that  y^  •  max  y^  Then 


The  proof  continues  as  in  (a). 

Cases  (a)  and  (b)  ml^t  have  been  deduoed  one  from  the  other  with  the  aid  of 
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of  Lsntnc  9*  Siollarly  w«  maj  reverse  the  inequalities  of  the  hypothesis*  The 
foUowin.f;  eoounple  shows  that  the  ooncfltion  "  either  (p)  ...  or  (b)  •••  ■  ,  tihleh 
ensursa  "  uniforti"  daninanee,  cannot  be  replaced  by  tlie  weaker  provisoi 

(^7) 

SKamnle  li 

T  -  0 

unique  xeXi  (0,  1,  1) 
vertioee  of  Ti  (^,  j,  0),  (|,  0). 

The  tniiin  rila<:onal  is  Bepamted,  and  d<T.dnant  in  the  sense  of  (2?)  for  every  q 
satis fyinc  (26)|  yet  the  ^ane  Is  not  completely  Mixed* 

^  17*  Dia  r.o:  al3  separated  anc!  ordered* 

Cotiaider  an  n  x  n  matrix  A  - 

*lj‘  St*  J  ")» 

where  t,l'.e  intervale  Ly^  are  disjoint  and  ordered! 

(23)  "-o H  <  — “wr 

»/e  shell  establish  that  A  is  oa\pletely  mixed.  (See  Fig*  2.) 

Proof  I  Suppose  sorie  xe  X  has  x^  •  0*  Th«i 

Z  >I  >  T. 

^«n9e  every  y^T  has  y^  -  0,  SlJLlarly,  if  some  yeT  has  y^  "  0  ^hen 

^  ^  S  'T. 


1-2  0 

-2  10 

0  0  12 
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Hone*  aTary  x  in  Z  has  Xj^^,  *  thsss  two  steps  n  times,  reduoing 

Bubsoripts  Bodulo  i>  when  neeeesaxy*  The  resulting  absux*dlty  x  •  7  >  0  proves 
that  A  is  oonpletelj  nixed. 

Without  the  ordering  (28),  A  is  not  neeessarily  oonpletelj  rnisml.  In  any 
ease,  use  of  the  mixed  strateg7  (^,  ...,  eannot  cost  either  plajer  mors  than 
the  mean  dimeter  of  the  sets  L^.  The  next  seotion  solves  the  case  where  the 
are  points. 


18.  Constant 


Consider  an  n  x  n  matrix  A  ■ 


aj^j  -  a^^  k  =  i  -  J  (nod  n). 

(See  Fig.  3»)  One  LTf:>edlately  observes  Uint  (i,  ...,  i),  (i,  ...,  i)  is  a 
solution  and  that  ^  other  optimal  irJxed  strategios  for 

either  pIc.7Br  must  be  synmetrioally  disposed  about  (^,  ...,  ^},  this  solution 
will  be  tinlque  if  and  only  if  it  is  basic.  Suppose  Z  a^^  0.  Then  A  is  ooeplete- 

ly  rixsd  if  and  only  if  the  deto:  linant  a^j  ^  0.  Out  it  11  easily  verified  that 
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1^1  n-1  .  . 

-  JT  X 

Ic^ 


th 

wh«r«  cu  is  a  priadtlv*  n  root  of  unity*  If  non*  of  tho  factors  vanlshaa,  thi 


n 


A  la  eonplataly  mljcod*  On  tha  othar  hand,  if  1.  a^o^, 


ki 


0  for  /  ■  the  real 
o 


*)  la  in  tha  nall- 


i  2i 

part  of  tha  eonplex  vector  (1» 

0 

T 

apace  of  A  and  A  •  The  optimal  mixed  atrategles  for  either  player  will  be  just 
those  of  the  fom 


(-,  ....  j)  .  r 


where  r  ia  a  vector  in  the  space  spanned  by  all  such  r^  and  their  c^lic  peneitatioeo* 

■*0 

^caagla^i 


0  1  3  2l 

2  0  1  3I 

3201; 

■L_3_2  Oj 


▼  -  5*  •  ^2“ 

o 

X  and  T  are  the  line  ae^nvitSf  in  their  reepective 
tetrahedra.  Joining  the  points  (j,  0,  0)  and  (O,  0»  j)#  . 


bl9.  Conclusion* 

Riwnark  It  Anj  matrix  which  is  derlTable  from  one  of  the  types  here  dieeuesed 
by  penmitation  of  the  rows  or  columns  is  of  oourse  not  essentially  different* 

Remark  2i  A  relaxing  of  the  strict  inequalitiee  appearing  in  ^§16^  17  gives 
riae  to  a  hoot  of  special  casee,  moot  of  them  not  completely  mixed,  which  are  not 
worth  describing  in  detail* 

3:  A  2  X  2  game  is  completely  mixed  If  and  only  if  its  diagonals  are 
separated*  Unfortunately,  our  generalised  conditions  of  ^§16,  17  are  not  even 
broad  mtouj^  to  cover  adl  3x3  completely  nixed  games*  One  of  the  mavericks  is 
the  followings 


unique  x^Xl 
unique  y€Tt 

Only  the  aain  diegonel  is  separated  and  it  is  not  dominant, 
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